Let K be a field of characteristic zero, A = K[x 1 , . . . , x n ] the polynomial ring and R = K(x 1 , . . . , x n ) the field of rational functions in n variables over K. The Lie algebra W n (K) of all K-derivations on A is of great interest since its elements may be considered as vector fields on K n with polynomial coefficients. If L is a subalgebra of W n (K), then one can define the rank rk A L of L over A as the dimension of the vector space RL over the field R. Finite dimensional (over K) subalgebras of W n (K) of rank 1 over A were studied by the first author jointly with I. Arzhantsev and E. Makedonskiy. We study solvable subalgebras L of W n (K) with rk A L = 1, without restrictions on dimension over K. Such Lie algebras are described in terms of Darboux polynomials.
Introduction
Let K be a field of characteristic zero and A = K[x 1 , . . . , x n ] the polynomial ring over K.
A K-derivation D on A is a K-linear operator D : A → A satisfying the Leibniz's rule: D(f g) = = D(f )g + f D(g) for all f, g ∈ A. If D 1 , D 2 are K-derivations on A and h ∈ A, then D 1 + D 2 , hD 1 and [D 1 , D 2 ] = D 1 D 2 − D 2 D 1 are also derivations on A. The set W n (K) of all K-derivations on the polynomial ring A is a Lie algebra over K (with respect to the Lie bracket [D 1 , D 2 ]) and simultaneously a free module over the polynomial ring A. The set of partial derivations { ∂ ∂x 1 , ∂ ∂x 2 , . . . , ∂ ∂x n } forms the standard basis of the A-module W n (K). The Lie algebra W n (K) is of great interest since its elements may be considered as vector fields on K n with polynomial coefficients (see, for example, [2] [3] [4] [5] ). Let R = K(x 1 , . . . , x n ) be the field of rational functions in n variables over K. Each derivation D ∈ W n (K) can be uniquely extended to a derivation on R by the rule:
If L is a subalgebra of the Lie algebra W n (K), then one can define the rank rk A L of L over A as the dimension dim R RL of the vector space RL consisting of all linear combinations of elements aD, where a ∈ R, D ∈ L. Note that RL is a Lie algebra over K but not a Lie algebra over R in general. Finite dimensional subalgebras of rank 1 over A of the Lie algebra W n (K) were described in [1] .
We study solvable subalgebras (without any restrictions on dimension) of rank 1 over A from the Lie algebra W n (K). The main result, Theorem 11, states that such a Lie algebra L is determined by a reduced derivation D ∈ W n (K) and elements λ, a, b ∈ A such that
forms an abelian ideal I of the Lie algebra L with the abelian factor algebra L/I. The obtained description can be useful for studying solvable Lie algebras of small rank over A. We use standard notations. A nonzero polynomial a ∈ A is called a Darboux polynomial for a derivation D ∈ W n (K) if D(a) = λa for some λ ∈ A. Such a polynomial λ is called a cofactor for D with respect to a. Some properties of Darboux polynomials and their applications in theory of differential equations can be found in [7; 8] . We denote by A D λ the set of all Darboux polynomials for D ∈ W n (K) with the same cofactor λ and of the zero polynomial. The set A D λ is obvioulsy a vector space over K. If V is a subspace of A D λ , then we denote by V D the set of all derivations f D, f ∈ ∈ V. This set is a vector space over the field K. For polynomials f, g ∈ A, we denote by gcd(f, g) the greatest common divisor of f and g.
Abelian Lie algebras of rank one
Some auxiliary results are collected in the next three lemmas (see, for example [6] , [8] ). Lemma 1. Let D 1 , D 2 ∈ W n (K) and a, b ∈ A. Then c A. Petravchuk, K. Sysak, 2019
Let L be an abelian subalgebra of rank one over A of the Lie algebra W n (K) and aD, bD ∈ L for some nonzero
Proof. Using Lemma 1, one can get 
The last equation implies the equality [a 1 D, b 1 D] = 0. The proof is complete. We need the following properties of Darboux polynomials. Lemma 3. Let D ∈ W n (K). Then
1. If f, g ∈ A are Darboux polynomials with cofactors λ and µ respectively, then f g is a Darboux polynomial for D with the cofactor λ + µ. Furthermore, if g = 0, then
2. Every irreducible divisor of a Darboux polynomial for D is again a Darboux polynomial for D. 3. If f and g = 0 are coprime polynomials and D(f /g) = 0, then f and g are Darboux polynomials with the same cofactor. Proof. See, for example, [7] and Propositions 2.2.1, 2.2.2 in [8] . Lemma 4. Let D ∈ W n (K). The set A 0 ⊆ A of all Darboux polynomials for the derivation D with all possible cofactors is closed under multiplication. The set A 1 ⊆ A of all polynomials that are not divisible by any non-constant Darboux polynomial for D has the same property. Moreover, the equality A = A 0 · A 1 holds. Proof. The multiplicative closure of the set A 0 follows from Lemma 3(1). Let f, g ∈ A 1 and suppose some Darboux polynomial h divides f g. Then by Lemma 3(3) we may assume without lost of generality that h is irreducible. Since A is a unique factorization domain, we get that h divides either f or g, which is impossible. Thus A 1 A 1 ⊆ A 1 . The equality A = A 0 A 1 follows from the multiplicative closeness of sets A 0 , A 1 and the fact that A is a UFD. The proof is complete.
We will use the next statement, which can be found in [1] . Lemma 6. [1, Lemma2] For every submodule M of the A-module W n (K) of rank one over A there exist an ideal I of A and a reduced derivation D 0 ∈ ∈ W n (K) such that M = ID 0 . The submodule M defines the derivation D 0 uniquely up to a nonzero scalar. Theorem 7. Let L be an abelian subalgebra of rank one over A of the Lie algebra W n (K) and
Conversely, every subalgebra of W n (K) of such a form is abelian of rank one over A. Proof. Since W n (K) is a free A-module and a subalgebra L ⊆ W n (K) is of rank 1 over A, by Lemma 6 the subalgebra AL ⊆ W n (K) is of the the form AL = ID for an ideal I of the ring A and some reduced derivation D ∈ W n (K) (note that in general D ∈ L). The inclusion L ⊆ AL implies that every element of the subalgebra L is of the form aD for some a ∈ A and D ∈ W n (K). It is easy to see that the set
is a vector subspace (over K) of the algebra A. Let us choose a basis {ā i , i ∈ J} of the vector space U over K, where J is a set of indices, and denote by h the greatest common divisor of elements a i ∈ ∈ A, i ∈ J. Then a i = ha i for some a i ∈ A, i ∈ J, and U = hV, where V is a vector space over K with a basis {a i , i ∈ J} such that gcd i∈J a i = 1. Hence, we get L = hV · D.
Let us fix an arbitrary element b ∈ V and show that b is a Darboux polynomial for the derivation D. By definition of the vector space V, we get hbD ∈ L. Then for each basic element a i , i ∈ J, the relation [hbD, ha i D] = 0 holds. We therefore have D(b/a i ) = 0 by Lemma 2. Denote d i = gcd(b, a i ), i ∈ J. Then
Since D(b i /c i ) = 0, Lemma 3(3) implies that b i and c i are Darboux polynomials for D. By Lemma 3(2), each irreducible divisor of the polynomial c i , i ∈ J, is a Darboux polynomial for the derivation D.
Let us show that each irreducible divisor of the polynomial b is a divisor of at least one of polynomials b i , i ∈ J. Suppose to the contrary that there is an irreducible polynomial r such that r | b and r b i for all i ∈ J. But then r | d i for all i ∈ J. One can easily show that the last relations imply r | a i , i ∈ J. The latter is impossible because gcd i∈J a i = 1. The obtained contradiction shows that every divisor of the polynomial b is a divisor of at least one of polynomials b i , i ∈ J. Then by Lemma 3(2) each divisor of b is a Darboux polynomial for D and thus, b also is a Darboux polynomial for D.
Let now b 1 , b 2 ∈ V be arbitrary elements. Then
The converse statement can be proven by a straightforward check. 
for some polynomial a ∈ V.
Since h is not divisible by any non-constant Darboux polynomial for D, it follows from the equation (1) that each divisor of a divides the polynomial a. Then a divides a andā = µa for some polynomial µ ∈ A. We have D(a/a) = 0, since a, a ∈ V ⊆ A D λ . Therefore µ = a/a ∈ Ker D and we get the relation
(2)
The latter means that
for some µ ∈ Ker D. Let us show that the element µ ∈ Ker D depends only on the element bD ∈ L \ I and doesn't depend on ahD ∈ I.
Take arbitrary elements a 1 hD, a 2 hD ∈ I and denote
[bD, a 1 hD] = µ 1 a 1 hD,
[bD, a 2 hD] = µ 2 a 2 hD (5)
for µ i ∈ Ker D, i = 1, 2. We consider two cases. Firstly, let rk Ker D I = 1. Then for a 1 hD, a 2 hD ∈ I there exist nonzero elements ν 1 , ν 2 ∈ ∈ Ker D such that
Thus
and obviously D(ν 2 /ν 1 ) = 0. Therefore
Using equalities (4), (5) and (7), we get [bD, a 1 hD] = − ν 2 ν 1 µ 2 a 2 hD = µ 1 a 1 hD. (8) From the last relations we obtain −(ν 2 /ν 1 )µ 2 a 2 h = µ 1 a 1 h and thus µ 1 ν 1 a 1 + µ 2 ν 2 a 2 = 0.
By (6) ν 1 a 1 = −ν 2 a 2 , so we have µ 2 ν 2 a 2 − µ 1 ν 2 a 2 = 0, and thus µ 1 = µ 2 . Therefore,
for an arbitrary a ∈ V, and µ = µ(b) ∈ Ker D depends only on b. Now, let rk Ker D I > 1 and elements a 1 hD, a 2 hD ∈ I be linearly independent over Ker D. We use notations (4), (5) from the above considered. From the relation (2) we get
Furthermore, for an element (a 1 + a 2 )hD ∈ I we have
[bD, (a 1 + a 2 )hD] = ν(a 1 + a 2 )hD (10)
for some ν ∈ Ker D. It follows from (9) that [bD, (a 1 + a 2 )hD] = (µ 1 a 1 + µ 2 a 2 )hD.
Using (10) and (11), we obtain µ 1 a 1 + µ 2 a 2 = ν(a 1 + a 2 ).
Since a 1 , a 2 are linearly independent over Ker D, it follows from the last relation µ 1 = µ 2 = ν. As in the case of rk Ker D I = 1, it is easy to see that for an arbitrary ahD ∈ I. Since C L (I) = I, we get
for some a 0 ∈ V. Since b 0 is divisible by h 0 = = gcd(b 0 , h), it follows from (13) that µ 0 b is divisible by h 0 . Note that µ 0 and h 0 are coprime polynomials. Indeed, suppose to the contrary thath 0 = = gcd(µ 0 , h 0 ) is a non-constant polynomial. Then h 0 is a Darboux polynomial for D since h 0 divides µ 0 ∈ Ker D. But h 0 divides h 0 and h 0 divides h, so h 0 divides h, which contradicts our assumption on the element h. Relations (13) and gcd(µ 0 , h 0 ) = 1 imply that b is divisible by h 0 . Hence, it is easy to see that b/h 0 is a coprime polynomial to h for an arbitrary bD ∈ L \ I.
Let us denote b = b/h 0 . Then bD = bh 0 D for an arbitrary bD ∈ L \ I. We (for convenience) use the following notations
Then
Moreover, each element from L\I may be presented in the form b 1 D 1 for b 1 ∈ A and D 1 = h 0 D. Note that without lost of generality we may choose an element h 1 = h/h 0 such that h 1 is not divisible by any non-constant Darboux polynomial for D 1 . As in Lemma 9, one can show that for an arbitrary element a 1 h 1 D 1 ∈ I there exists µ ∈ Ker D 1 (note that Ker D 1 = Ker D) such that
Then the equality
holds and this equality implies that b 1 D 1 (h 1 ) is divisible by h 1 . By the proved above gcd(b 1 , h) = 1 = gcd(b 1 , h 1 ).
These equalities imply that D 1 (h 1 ) is divisible by h 1 , whence h 1 is a Darboux polynomial for D 1 . The last contradicts our choice of h 1 and thus h 1 = const . Then it follows from (14) that λ 1 b 1 − D(b 1 ) = µ for some µ ∈ Ker D 1 , that is
Replacing notations, we obtain the statement of the theorem. 
